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Abstract. A tree T is said to be homogeneous if it is uniquely rooted and 
there exists an integer b ^ 2, called the branching number of T, such that 
every t G T has exactly b immediate successors. A vector homogeneous tree 
T is a finite sequence (Ti, ...,T,j) of homogeneous trees and its level product 
(giT is the subset of the cartesian product T\ X ... y.T d consisting of all finite 
sequences (t\, ...,t d ) of nodes having common length. 

We study the behavior of measurable events in probability spaces indexed 
by the level product <g)T of a vector homogeneous tree T. We show that, 
by refining the index set to the level product ®S of a vector strong subtree 
S of T, such families of events become highly correlated. An analogue of 
Lebesgue's density Theorem is also established which can be considered as the 
"probabilistic" version of the density Halpern— Lauchli Theorem. 



1.1. Overview. The present paper is devoted to the analysis of a phenomenon 
encountered in Ramsey Theory and concerns the structure of measurable events in 
probability spaces indexed by a Ramsey space [TJ [17]. The phenomenon is most 
transparently seen when the events are indexed by the natural numbers N, an 
archetypical Ramsey space. Specifically, let (tt, E, fi) be a probability space and 
assume that we are given a family {Ai : i E N} of measurable events in (f2, 
satisfying n(Ai) ^ e > for every i e N. Using the classical Ramsey Theorem [14] 
and elementary probabilistic estimates, it is easy to see that for every < 9 < e 
there exists an infinite subset L of N such that for every integer n ^ 1 and every 
subset F of L of cardinality n we have 



In other words, the events in the family {Ai : i S L} are at least as correlated as if 
they were independent. 

A natural problem, which is of combinatorial and analytical importance, is to 
decide whether the aforementioned result is valid if the events are indexed by an- 
other Ramsey space §. Namely, given a family {A s : s € §} of measurable events in 
a probability space (fi, S, /z) satisfying /j,(A s ) ^ e > for every s e §, is it possible 
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to find a "substructure" §' of S such that the events in the family {A s : s G §'} are 
highly correlated? And if yes, then can we get explicit (and, hopefully, optimal) 
lower bounds for their joint probability? Of course, the notion of "substructure" 
will depend on the nature of the given index set S. 

The significance of this problem will be mostly appreciated when one considers 
the Ramsey space W(A) of all finite words over a nonempty finite alphabet A. 
Specifically, it was shown by H. Furstenberg and Y. Katznelson in [5] that for every 
integer 6^2 and every < e ^ 1 there exists a strictly positive constant c(b, e) with 
the following property. If A is an alphabet with b letters and {A w : w € W^A)} is 
a family of measurable events in a probability space (fi, S, /x) satisfying /i(A w ) ^ e 
for every w S W^A), then there exists a combinatorial line L (see [9]) such that 



This statement is easily seen to be equivalent to the density Hales- Jewett Theorem, 
a fundamental result of Ramsey Theory. Although powerful, the arguments in [8] 
are qualitative in nature and give no estimate on the constant c(b, e). Explicit lower 
bounds can be extracted, however, from the recent "polymath" proof |131 of the 
density Hales- Jewett Theorem. 

1.2. The main results. In [4] we studied the above problem when the events are 
indexed by a homogeneous tree; we recall that a tree T is said to be homogeneous if it 
is uniquely rooted and there exists an integer b ^ 2, called the branching number of 
T, such that every t G T has exactly b immediate successors. Our goal in this paper 
is to extend this analysis to the higher-dimensional setting, namely when we deal 
with events indexed by the level product of a vector homogeneous tree. We recall 
that a vector homogeneous tree T is a finite sequence (Ti, ...,Td) of homogeneous 
trees and its level product ®T is the subset of the cartesian product Ti x ... x Td 
consisting of all finite sequences (t\,...,td) of nodes having common length. In 
particular, <8>T(n) stands for the standard cartesian product Ti(n) x ... x Td(n). 

In the context of trees the most natural notion of "substructure" is that of a 
strong subtree. We recall that a subtree S of a uniquely rooted tree T is said to be 
strong provided that: (a) S is uniquely rooted and balanced (that is, all maximal 
chains of S have the same cardinality) , (b) every level of S is a subset of some level 
of T, and (c) for every non-maximal node s £ S and every immediate successor t 
of s in T there exists a unique immediate successor s' of s in S with t ^ s' . The 
level set of a strong subtree S of a tree T is the set of levels of T containing a 
node of S. The concept of a strong subtree is, of course, extended to vector trees. 
Specifically, a vector strong subtree of a vector tree T = (Ti, ...,Td) is just a finite 
sequence S = (Si, Sd) of strong subtrees of (Ti, Td) having common level set. 



(2) 




1.2.1. The continuous case. We are ready to state the first main result of the paper. 
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Theorem 1. For every integer d 1, every bi,...,bd G N with bi 2 for all 
i G {1, d}, every integer n ^ 1 and every < £ ^ 1 £/iere exists a strictly positive 
constant c(i>i, i>d|n, e) im£/i £/ie following property. If T = (Ti, ...,Td) is a vector 
homogeneous tree such that the branching number of Ti is 6j /or all i £ {1, ...,<£} 
and {At : t G ®T} is a family of measurable events in a probability space (fi, S, /i) 
satisfying /it(At) ^ e /or every t G <8>T ; i/ien £/iere exists a vector strong subtree 
S = (Si, S^) o/ T o/ infinite height such that for every integer n 1 and every 
subset F of the level product (g)S of S of cardinality n we have 

(3) /x( H At ) >c(h,-,b d \n,e). 

teF 

The vector strong subtree S obtained by Theorem [T] is constructed recursively 
using the following proposition which is, possibly, of independent interest. 

Proposition 2. For every integer d ^ 1, every b%,...,bd G N with bi ^ 2 /or aZ^ 
i G {1, d} and every < e ^ 1 i/iere eirisi an integer Cor(6i, o^e) and a strictly 
positive constant wi£/i </ie following property. If T = (Ti, T^) is 

a finite vector homogeneous tree of height at least Cor(&i, o^e) suc/i i/iai i/ie 
branching number of Ti is bi for all i G {l,...,d} and {At : t G <8>T} is a family 
of measurable events in a probability space (f2, £,/Lt) satisfying /i(At) ^ £ /or every 
t G <8>T, f/ien i/iere exists a vector strong subtree F o/ T o/ height 2 smc/i i/iai 

(4) m( f) A) >e(&i,". ) 6«j|e)- 

te®F 

1.2.2. TTie discrete case. To proceed with our discussion we need, first, to introduce 
some definitions. To motivate the reader, let us assume that we are given a family 
{A t : t G <g>T} of Lebesgue measurable subsets of the unit interval indexed by the 
level product of a finite vector homogeneous tree T. Using a standard approxima- 
tion argument and up to negligible errors, for every n < n(T) it is possible to find 
an integer l n such that every event in the family {At : t G <g)T(n)} belongs to the 
algebra generated by all dyadic intervals of length 2~ ln . This observation leads to 
the following definition. 

Definition 3. Let T be a finite vector homogeneous tree and W a homogeneous 
tree. We say that a map D : ®T — > V(W) is a level selection if there exists a 
subset L(D) = {£q < ... < £h(T)-i} ofN, called the level set of D, such that for 
every n < h(T) and every t G <8>T(n) we have that D(t) C W(l n ). 

For every level selection D : <g)T — > V(W) the height h(D) of D is defined to be 
the height h(T) of the finite vector homogeneous tree T. The density 6(D) of D is 
the quantity defined by 



(5) 



6(D) = min {dens(£>(t)) : t G ®T}. 
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We remark that if W is a tree and F C W(£) for some I € N, then the density 
of F is defined by 

(6) dens(F) = 

More generally, if m £ N with m $J I and io £ W(m), then the density of F relative 
to w is defined by 

/—\ i / j— , i \ I F ("I Succvi/(w)| 

(7) dens( ^ 1 w) = l^fflnSucc^Hl 

where Succw(w) stands for the set of all successors of w in W . Notice that the 
density of the set F relative to the node w is the usual density of F when restricted 
to the subtree Succwiw)- 

It follows from the above discussion that a level selection D : (g>T — > V(2 <Ti ) 
of density e, where 2 <N stands for the dyadic tree, is just the discrete version of 
a family {A t : t £ <8>T} of Lebesgue measurable subsets of the unit interval each 
having measure at least e. We should point out that, beside their intrinsic interest, 
level selections arose quite naturally in the proof of the density Halpern-Lauchli 
Theorem OH]. In fact, the density Halpern-Lauchli Theorem is essentially a 
statement concerning the structure of level selections. 

By Proposition^ for every finite vector homogeneous tree T = (T\, ...,Td) and 
every level selection D : ®T — > V(W) of density e and of sufficiently large height, 
it is possible to find a vector strong subtree F of T of height 2 such that the density 
of the set 

(8) D F := p| D(t) 

te®F(i) 

is at least c', where d is an absolute constant depending only on the branching 
numbers of the trees Ti,...,Td and the given e. This fact is certainly useful but it 
gives us no information on how the set Dp is distributed inside the tree W. To 
clarify what we mean exactly about the distribution of the set Dp it is convenient 
to introduce the following definition. 

Definition 4. Let D : ®T — > V(W) be a level selection. Also let F be a vector 
strong subtree of T of height 2, w £ W and < 6 ^ 1. We say that the pair (F, w) 
is strongly ^-correlated with respect to D if the following conditions are satisfied. 

(1) We have that w £ F>(r) where r is the root ofF. 

(2) For every immediate successor sofwinW the density of the set Dp relative 
to s is at least 9. 

Roughly speaking, if a pair (F, w) is strongly ^-correlated with respect to D, 
then the set Dp looks like a randomly chosen subset of the subtree Succvk(w) of 
density 9. Such a node w is expected to exist, by Lebesgue's density Theorem. The 
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main point guaranteed by Definition |4] is that the desired node w will be found in 
an a priori given set; the set D(r) where r is the root of F. 

We are now ready to state the second main result of the paper. 

Theorem 5. For every integer d ^ 1, every b\, bd, bd+i S N with bi ^ 2 for all 
i G {1, d + 1} and every < e ^ 1 there exist an integer StrCor(£>i, bd, bd+i\s) 
and a strictly positive constant 9(b\, bd, bd+i\£) with the following property. If 
T = (Ti, Td) is a finite vector homogeneous tree such that the branching number 
of Ti is bi for all i £ {l,...,d}, W is a homogeneous tree with branching number 
bd+i and D : <X>T — > V(W) is a level selection of density e and of height at least 
StrCor(&i, ...,bd,bd+i\s), then there exist a vector strong subtree F o/T of height 2 
and a node w <E W such that the pair (F, w) is strongly 0(b\, bd, bd+i\s)- correlated 
with respect to D. 

Theorem [5] is a quantitative strengthening of Theorem 9] and is essentially 
the "probabilistic" version of the density Halpern-Lauchli Theorem. In fact, the 
infinite version of the density Halpern-Lauchli Theorem [3] can be naturally derived 
from it. We discuss these issues in §7. 

The proofs of the aforementioned results are based on combinatorial and prob- 
abilistic ideas and use, in an essential way, [5] Theorem 3]. The arguments are 
effective. In particular, we provide explicit estimates for all numerical invariants 
appearing in Theorem [TJ Proposition [5] and Theorem [5j These estimates, however, 
are rather weak. It is an interesting problem to obtain "civilized" bounds for the 
relevant constants. Technically, the most demanding result of the paper is Theorem 
[5] Its proof is based on a density increment strategy, a powerful method pioneered 
by K. F. Roth [15]. 

1.3. Organization of the paper. The paper is organized as follows. In §2 we 
gather some background material. In §3 we give the proof of Theorem [T] and 
Proposition [2] The next two sections, §4 and §5, contain preparatory material 
needed for the proof of Theorem [5] The proof of Theorem [5] is completed in §6. 
Finally, in §7 we explain how Theorem [5] can be used to derive the infinite version 
of the density Halpern-Lauchli Theorem. 

2. Background material 

By N = {0, 1, 2, ...} we shall denote the natural numbers. For every integer n ^ 1 
we set [n] = {1, ...,n}. The cardinality of a set X will be denoted by \X\ while its 
powerset will be denoted by V(X). If X is a nonempty finite set, then by E x£ x we 
shall denote the average XLex- F° r everv function / : N — > N and every k € N 
by /' fc - ) : N — > N we shall denote the fc-th iteration of / defined recursively by the 
rule / (0) (n) = n and / (fc+1) (n) = f{f^ k H n )) f° r every n E N. 
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2.1. Trees. By the term tree we mean a nonempty partially ordered set (T, <) such 
that for every t E T the set {s E T : s < t} is linearly ordered under < and finite. 
The cardinality of this set is defined to be the length of t in T and will be denoted 
by ^r(i)- For every n E N the n-level of T, denoted by T{n) 1 is defined to be the 
set {t E T : £ T {t) = n}. The height of T, denoted by h(T), is defined as follows. If 
there exists k E N with T(k) = 0, then set h(T) = max{n 6 N : T(n) ± 0} + 1; 
otherwise, set h(T) = oo. 

For every node t of a tree T the set of successors of t in T is defined by 

(9) Succ T (i) = {s ET :t sC s}. 

Moreover, let ImmSucc T (i) = {s E T : t < s and £ T (s) = £ T (t) + 1}. The set 
ImmSuccT(i) is called the set of immediate successors of t in T. A node t E T is 
said to be maximal if ImmSuccT(t) is empty. 

A subtree S of a tree (T, <) is a nonempty subset of T viewed as a tree equipped 
with the induced partial ordering. For every n E N with n < h(T) we set 

(10) T \ n = T(0) U ... U T{n). 

Notice that h(T \ n) = n + 1. An initial subtree of T is a subtree of T of the form 
T \ n for some neN. 

A tree T is said to be balanced if all maximal chains of T have the same cardi- 
nality. It is said to be uniquely rooted if |T(0)| = 1; the root of a uniquely rooted 
tree T is defined to be the node T(0). 

2.2. Vector trees. A vector tree T is a nonempty finite sequence of trees having 
common height; this common height is defined to be the height of T and will be 
denoted by h(T). 

For every vector tree T = (Ti, Td) and every neN with n < h(T) we set 

(11) T\n=(T 1 \n,...,T d \n). 

A vector tree of this form is called a vector initial subtree of T. Also let 

(12) T(n) - (T 1 (n),...,T d (n)) and ® T(n) = Ti(n) x ... x T d (n). 
The Ze-ueZ product o/T, denoted by ®T, is defined to be the set 

(13) |J ®T(n). 

n<h(T) 

For every t = (ti, id) € ®T we set 

(14) Succ T (t) = (Succ Tl (ti ),-, Succ T<i (t d )). 

Finally, we say that a vector tree T = (Ti,...,T d ) is uniquely rooted if for every 
i E [d] the tree Tj is uniquely rooted. The element T(0) is called the root of T. 
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2.3. Strong subtrees and vector strong subtrees. A subtree S of a uniquely 
rooted tree T is said to be strong provided that: (a) S is uniquely rooted and 
balanced, (b) every level of S is a subset of some level of T, and (c) for every 
non- maximal node s G S and every t G ImmSuccj^s) there exists a unique node 
s' G ImmSuccs(s) such that t ^ s' . The level set of a strong subtree S of T is 
defined to be the set 



The concept of a strong subtree is naturally extended to vector trees. Specifically, 
a vector strong subtree of a uniquely rooted vector tree T = (Ti, ...,Td) is a vector 
tree S = (Si, Sd) such that Sj is a strong subtree of Ti for every i G [d] and 



2.4. Homogeneous trees and vector homogeneous trees. Let b G N with 
6^2. By 6 <N we shall denote the set of all finite sequences having values in 
{0, b— 1}. The empty sequence is denoted by and is included in b <N . We view 
6 <N as a tree equipped with the (strict) partial order C of end-extension. Notice 
that 6 <N is a homogeneous tree with branching number b. If n ^ 1, then b <n stands 
for the initial subtree of 6 <N of height n. For every t, s G b <N by t~s we shall denote 
the concatenation of t and s. 

For technical reasons we will not work with abstract homogeneous trees but with 
a concrete subclass. Observe that all homogeneous trees with the same branching 
number are pairwise isomorphic, and so, such a restriction will have no effect in the 
generality of our results. 

Convention. In the rest of the paper by the term "homogeneous tree" (respectively, 
"finite homogeneous tree") we will always mean a strong subtree of 6 <N of infinite 
(respectively, finite) height for some integer 6^2. For every, possibly finite, ho- 
mogeneous tree T by bx we shall denote the branching number of T. We follow 
the same conventions for vector trees. In particular, by the term "vector homo- 
geneous tree" (respectively, "finite vector homogeneous tree") we will always mean 
a vector strong subtree of (b^ , b^ N ) of infinite (respectively, finite) height for 
some integers b\, ...,&<j with bi 2 for all i G [d]. For every, possibly finite, vector 
homogeneous tree T = (Ti, ...,Td) we set 6t = (&Ti, ■■■i°T d )- 

The above convention enables us to effectively enumerate the set of immediate 
successors of a given non-maximal node of a, possibly finite, homogeneous tree T. 
Specifically, for every non- maximal t G T and every p G {0, 6t — 1} let 

(16) t" T p = ImmSuccT(i) H Succ 6 <n (fp) . 

Notice that ImmSucc T (i) = {t~ T p : p G {0, b T - 1}}. 



(15) 



L T (S) = {m G N : exists n < h(S) with S(n) C T(m)}. 



L Tl (Si) 
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2.5. Canonical isomorphisms and vector canonical isomorphisms. Let T 

and S be two, possibly finite, homogeneous trees with the same branching number 
and the same height. The canonical isomorphism between T and S is defined to be 
the unique bijection I : T — > S satisfying: (a) lr(t) — £s(j(t)) for every t £ T, and 
(b) l(t^ T p) = I(t)^ s p for every non-maximal ( 6 T and every p £ {0,...,6t — 1}- 
Observe that if R is a strong subtree of T, then the image I(i?) of R under the 
canonical isomorphism is a strong subtree of S and satisfies Lt(R) — Ls(l(R)). 

Respectively, let T = (Ti,...,T d ) and S = (Si, Sd) be two, possibly finite, 
vector homogeneous trees with 6t = bs and h(T) = h(S). For every i £ [d] let I, be 
the canonical isomorphism between Tj and Si- The vector canonical isomorphism 
between ®T and <g)S is the map I : <£>T — » ®S defined by the rule 

(17) I((ti,. ..,*„)) = 

Notice that the vector canonical isomorphism I is a bijection. 

2.6. Milliken's Theorem. For every, possibly finite, vector homogeneous tree T 
and every integer 1 ^ k ^ h(T) by Strfc(T) we shall denote the set of all vector 
strong subtrees of T of height k. Moreover, for every I £ {0, k — 1} we set 

(18) Strt(T) = {S £ Str fe (T) : S \ £ = T \ £}. 

If T is of infinite height, then Str^ (T) stands for the set of all vector strong subtrees 
of T of infinite height; the set Str^(T) is analogously defined. We will need the 
following elementary fact. 

Fact 6. Let d £ N with d > 1 and bi,...,b d £ N with b { ^ 2 for all i £ [d]. Let 
m £ N and set 

(19) q(bi,...,b d ,m) = — 



nti&r-nti^ 

Also let T be a finite vector homogeneous tree with 6t = {bi, bj) and h(T) m+2 
and set 

(20) Str 2 (T,m + l) = {Fe Str 2 (T) : ®F(1) C ®T(m + l)} 

Then the cardinality of the set Str2(T, m + 1) is q(bi, bd, m). In particular, 

h(T)-2 

(21) |Str 2 (T)|= q(h,...,b d ,m) 

Notice that if T = (Ti, T d ) is a vector homogeneous tree, then the set Str^T) 
is a Gs (hence Polish) subspace of V(T\ x ... x Td). The same remark, of course, 
applies to the set Str^ D (T) for every £ £ N. The following partition result is due to 
K. Milliken (see [13 Theorem 2.1]). 
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Theorem 7. Let T be a vector homogeneous tree. If C is a Borel subset of Str^T), 
then there exists S G Str oc (T) such that either Str QO (S) C C or Str oc (S) nC = 0. 
Moreover, if £ G N and B C Strf (T) is Borel, then there exists S G Strf (T) swc/i 
f/iaf eitfier Str^(S) C B or Str^(S) nB = 0. 

in particular, for every integer k ^ 1 anc! every finite partition of Str^ (T) £/iere 
exists S € Str ao (T) swc/i £/iai i/ie sei Strfc(S) is monochromatic. Respectively, for 
every £ G {0, ...,k— 1} and every finite partition o/Str fc (T) i/iere exists S G Str^ c (T) 
smc/j i/iai i/ie sei Str fe (S) is monochromatic. 

Theorem [7] has a finite version which is also due to K. Milliken (see [TU]V 

Theorem 8. For every integer d ^ 1, every bi, bd G N wit/i 6.; ^ 2 /or aZZ i 6 [d], 
every pair of integers m ^ k ^ 1 and every integer r ^ 2 i/iere exists an integer 
M with the following property. For every finite vector homogeneous tree T wiiZi 
&t = (&i, ...,bd) and of height at least M and every r-coloring of the set Strfc(T) 
there exists S G Str m (T) such that the set Strfc(S) is monochromatic. The least 
integer M with this property will be denoted by Mil(&i, bd\m, k, r). 

The original proof of Theorem [5] did not provided quantitative information on 
the numbers Mil(&i, bd\m, k, r). However, an analysis of the finite version of 
Milliken's Theorem has been carried out recently by M. Sokic yielding explicit and 
reasonable upper bounds. In particular, it was shown in [Tg] (see, also, [SJ §10]) 
that for every integer k ^ 1 there exists a primitive recursive function 4>k ■ N 3 — > N 
belonging to the class £ 5+k of Grzegorczyk's hierarchy such that for every integer 
d 1, every bi, bd G N with bi ^ 2 for all i € [d], every integer m ^ k and every 
integer r)2we have 

d 

(22) Mil(6i,...,6 i |m,*,r)<0 fc (jj6j 1 ,m,r). 

We close this subsection with the following consequence of Theorem [8j 

Corollary 9. Let d G N wif/i d ^ 1 and &i, ...,bd G N roitt bi ^ 2 /or aZZ i G [d]. 
j4Zso Zei m, fc,r G N wi£/i m ^ fc ^ 1 and r 2. If T is finite vector homogeneous 
tree with &t = (&i, bd) and 

(23) Zi(T) ^ Mil(6i,...,6i, ...,b d , ...,b d \m, fc,r) + 1 

bi— times fed— times 

then for every r-coloring o/Str^ +1 (T) there exists R G Str^ +1 (T) smc/i i/iai </ie 
sei Str^ +1 (R) is monochromatic. 

2.7. The "uniform" version of the finite density Halpern Lauchli Theo- 
rem. We will need the following result (see Theorem 3]). 

Theorem 10. For every integer d 1, every bi,...,b<2 G N toztft. 6^ ^ 2 /or aZZ 
i G [d], every integer k 1 and every real < e ^ 1 £/iere exists an integer N 
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with the following property. If T = (Ti, ...,Td) is a vector homogeneous tree with 
t>T = (fix, bd), L is a finite subset ofN of cardinality at least N and D is a subset 
of the level product of T satisfying \D n ®T(n)| ^ e|® T(n)| for every n £ L, then 
there exists a vector strong subtree S of T of height k such that the level product 
of S is contained in D. The least integer N with this property will be denoted by 
UDHL(&!,.. .,&#,£)• 

We point out that the case "d = 1" of Theorem ITD1 is due to J. Pach, J. Solymosi 
and G. Tardos [T2] who obtained the upper bound UDHL(6|/c,e) = 0^ £ {k). The 
proof of the higher-dimensional case, given in [5], is effective and gives explicit upper 
bounds for the numbers UDHL(6i, bd\k, s). These upper bounds, however, have 
an Ackermann-type dependence with respect to the "dimension" d. 

2.8. Embedding finite subsets of the level product of a vector homoge- 
neous tree. We will need the following embedding result. 

Proposition 11. Let d € N with d ^ 1 and T = (Ti, ...,Td) be a vector homoge- 
neous tree. Then for every integer n 1 and every subset F of the level product (g>T 
o/T of cardinality n there exists a vector strong subtree So/To/ height d(2n — 1) 
such that F is contained in the level product ®S of S. 

Proof. Before we proceed to the details we need, first, to introduce some pieces of 
notation. Specifically, let T be a homogeneous tree and A be a nonempty subset of 
T. The level set L T (A) of A in T is defined to be the set {neN: T(n) flA^ 0}. 
Now fix a subset F of ®T with \F\ = n and for every i s [d] let 

(24) Ft = {t e Ti : there exists t d ) £ F with t = t t } 

be the projection of the set F on the tree Ti. Notice that there exists a subset L 
of N with \L\ < n such that L Ti {Fi) = L for every i <E [d]. Moreover, \Fi\ < |F| for 
every i € [d]. Finally, observe that 

(25) F C (J (Ttin) nJl) x ... x (T d (n) nft). 

By [H Corollary 38] , for every i E [d] there exists a strong subtree i?i of Ti of height 
2n — 1 such that C i? j . Since 

\L Tl (R 1 )\J...UL Td {R d )\ <d(2n-l) 

we may select a subset M of N with L Tl (i?i)U...UL Td (-Rrf) C M and |M| = d(2n-l). 
Next, for every z G [d] we select a strong subtree Si of Tj with Lxi(Si) = M and 
Ri C Sj. By (|25|) . we see that the vector strong subtree S = (Si, Sd) of T is as 
desired. □ 

We point out that the bound of the height of the vector strong subtree obtained 
by Proposition 1 1 1 1 is not optimal. Actually, by appropriately modifying the proof 
of [U Corollary 38] and arguing as above, it is possible to show that the desired 
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vector strong subtree can be chosen to have height at most n + d(n — 1), an upper 
bound which is easily seen to be sharp. Such an improvement, however, has only 
minor effect on the estimates obtained in the rest of the paper, and so, we prefer 
not to bother the reader with it. 

2.9. Probabilistic preliminaries. For every < 8 < e ^ 1 and every integer 
fc > 2 we set 

(26) 

We will need the following well-known fact. We give the proof for completeness. 

Lemma 12. Let < 6 < e < 1 and k, N G N with k > 2 and N > £(0, e, fc). ylfeo 
Zei (^4i)i=i ^ e a family of measurable events in a probability space (0,£,/i) smc/i 
i/wrf /i(A^) e /or a/Z i G [tV]. TTien i/iere exists a subset F of [N] of cardinality k 
such that 

(27) /*( n ^ 

Proof. Let *4 be the set of all functions <r : [fc] — > [A 7 ] and £> = {a G „4 : a is 1-1}. 
Notice that 

(28) \A\B\ < fc(fc ^ 1 V fc - 1 . 

By our assumptions and Jensen's inequality, we see that 

„ JV k r N k 

(29) e fe iV fe s? ( Y, 1 ^) < / (E 1 - 4 *) d ^ 

cr£.4i = l cr£.4 »=1 

k 

= e KrK«)+EKn^« 

<re^l\B i=l tree i=l 

121 fc( fc _ i) / * \ 

< A ^^ i +E^(n^w)- 

ctGB i=l 

Since N ^ £(0, e, fc) we get 

(30) /.( n ako) > ^ e K n ^w) ? £fe - ^ • ^r 11 > 0fc 

1=1 cr<EZ3 i=l 

and the proof is completed. □ 

We will also need three elementary variants of Markov's inequality. We isolate 
them, below, for the convenience of the reader. 

Fact 13. Let < a ^ 1, N G N with N ^ 1 and a\, ...,ajy in [0, 1]. Assume that 
^i£[N]0-i «• TTien /or euery < 7 < a we have \{i G [iV] : a* ^ a — 7}) ^ 7 AT. 
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Fact 14. Let < a < 1, JV £ N with N ^ 1 and ai,...,ajv in [0,1] such that 
^ie[N] a i oi • Also let 7 > and assume that \{i € [N] : a, a + 7 2 }| $J 7 3 iV. 
T/ien |{« G [TV] : a 4 ^ a - 7 }| > (1 - 7) AT. 

Fact 15. Let JV e N wii/i A^ ^ 1 and ai, ojv in [0, +oo). Also let 6, X > and 
assume that E^g^a.; $J 0. TTien \{i G [-/V] : a; ^ 1 } | ^ (1 — A)-/V. 

3. Proof of Theorem Q] 

This section is devoted to the proof of Theorem [1] stated in the introduction. It 
is organized as follows. In §3.1 we define certain numerical parameters. In §3.2 we 
give the proof of Proposition [2] while in §3.3 we present some of its consequences. 
As we have already mentioned, Proposition [2] is the main pigeonhole principle in 
the proof of Theorem [T] It is used in §3.4 where we show that we can always pass 
to a vector strong subtree R for which we have significant control for the events 
indexed by the level product of every initial subtree of R. The proof of Theorem Q] 
is completed in §3.5. Finally, in §3.6 we give a combinatorial application. 

3.1. Defining certain numerical parameters. Let d G N with d ^ 1 and 
bi, ft^eN with bi ^ 2 for every i <E [d]. Also let < e < 1. We set 

(31) Cor(bi, b d \e) = E(e/4, e/2, UDHL( 0l , b d |2, e/2)) 
where e, k) is defined in (121))) . Next we set 

Cor(bi,...,6 ( j|e)— 2 / -r-rci ib i \ m + 1 ( Tl d h \ m+1 

(32) Q(b u ...,b d \e)= E ( iCT^ 

m=0 lli=l°j lli=l°J 

and we define 

/ e xUDHL(6i,...,6 <J |2,e/2) 

(33) f (6i, b d \e) = — . 

Q(bi, ...,bd\e) 

Recursively we define a sequence of positive reals by the rule 



(34) 



£i(bi, ...,b d \e) = e, 

£fc+i(bi, b d \e) = C(bi, b d \£k(bi, -, M e )) 



and for every integer n^lwe set 

(35) c(bi, b d \n, e) = £d(2n-i)(&ij b d |e). 
3.2. Proof of Proposition [2j Clearly we may assume that 

h(T) = Cor(6i,...,6 d |e). 

For every n € {0, Cor(bi, bd|e) — 1} we select f2 n e S with /«(f2 n ) > e/2 such 
that for every w G O n we have 

(36) |{t G ®T(n) : w G A t }| ^ (e/2)|®T(n)|. 
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UDHL(i>i,...,b d |2,e/2) 



By (f3"T|) and Lemma IT2"| there exists a subset L of {0, Cor(6i, bd\e) — 1} with 

(37) |i|=UDHL(6 1 ,...,6 d |2,£/2) 
such that, setting G = HneL ^nj we have 

(38) > (-) 

Let lj G G be arbitrary and set D w = {t G ®T : cj G At}. By for every n £ L 
we have |£> w n ®T(n)| ^ (e/2)| ® T(ra)|. Hence, by (HZ) and Theorem [TU1 there 
exists F w G Str 2 (T) with (xiF^ C D u . Now observe that, by Fact |6] and <j32j), we 
have |Str2(T)| = Q(bi, 6d|e). Thus, invoking ([33| and (|38|). we see that there 
exist F G Str 2 (T) and G'eS with ^i(G') > 6 d |e) such that G'CG and 

F w = F for every lu E G' . Therefore, 

(39) M ( f) A t ) >M(G')>e(&i,-,&<ik) 

te®F 

and the proof is completed. 

3.3. Consequences. Proposition^ will be used in the following form. 

Corollary 16. Let d G N wii/i d ^ 1 and bi,...,b d G N mi/i 6j ^ 2 /or a/Z ie [d]. 
AZso let k E N and < e ^ 1. Assume that S = (Si, S^) is a finite vector 
homogeneous tree with bs = (&i, ...j&d) and 

(40) fc(S) ^ (*+l) + Cor(6i,...,6 (1 |E) 

and {A s : s G <8>S} is a family of measurable events in a probability space (Q, E, ji) 
such that for every P G Str^ +2 (S) we have 

(41) M ( f) A.) > e. 

se®p 

Then there exists G G Str^ +3 (S) such that 

(42) M ( fl As ) >f(6i.-»6«i|e). 

sG«iG 

Proof. We will reduce the proof to Proposition[2]using the notion of vector canonical 
isomorphism. To this end we need, first, to do some preparatory work. We set 
h = h(S) - (k + 1) and B = {bf L , b< k ). 

Let s G ®S(fc + 1) be arbitrary and write Succs(s) = (Sf,...,S d ). For every 
i G [d] the finite homogeneous trees bf h and Sf have the same branching number 
and the same height. Therefore, as we described in §2.5, we may consider the 
canonical isomorphism If : bf h — >• Sf . The same remarks apply to the finite vector 
homogeneous trees B and Succs (s) . Thus we may also consider the vector canonical 
isomorphism I s : <g>B — >■ <g)Succs(s) given by the family of maps {If : i G [d\\ via 
formula (jTTJ) . Notice that for every s, t G ®S(fc + 1) and every i G [d] if Sf = S* 
(that is, if the finite sequences s and t agree on the z-th coordinate) , then the maps 
If and I* are identical. This coherence property yields the following fact. 
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Fact 17. For every i £ {1,. ..,h} and every U £ Str^(B) there exists a unique 
Gu £ Str^ +1 - )+ £(S) such that 

(43) ® Gu = (®S f fc) U {I s (u) : s £ ®S(fe + 1) and u £ ig>U}. 

After this preliminary discussion, we are ready to proceed to the proof. For every 
u £ (g)B we set 

(44) B u = p| A t n p| A Is(u) . 

te®s\k se®s(fe+i) 

First we claim that n{B u ) ^ e for every u £ <g)B. Indeed, let u £ (g>B be arbitrary 
and notice that u £ Stri(B). Hence, by Fact [l"7l and the definition of the set -B u in 
(gU) above, there exists G u £ Str£ +2 (S) such that 

(45) B u = f] A t 

te®G„ 

and the claim follows from our hypotheses. Next we observe that 

(46) h(B) = h(S) - (k + 1) ^ 001(6!, ...,6 rf | £ ). 
Therefore, by Proposition [2j there exists F £ Str2(B) such that 

(47) M ( H Bu ) >f(&i,->Me)- 

uG«iF 

Invoking Fact [T7l and (|44]) again, there exists Gf £ Str£ +3 (S) such that 

(48) p b »= n ^. 

ue«>F te<g>G F 

Combining (|4Tj) and (j48]), the result follows. □ 

3.4. Control of initial subtrees. This subsection is devoted to the proof of the 
following lemma which is the last step towards the proof of Theorem [T] 

Lemma 18. Let d £ N with d ^ 1 and bi, ba £ N with bi ^ 2 /or a/Z i £ [d]. Afeo 
let < £ ^ 1. If T = (Ti, Xd) is a vector homogeneous tree with 6t = Od) 
and {At : t £ ®T} is a family of measurable events in a probability space (f2, S, /i) 
satisfying /i(j4 t ) ^ £ /or every t £ ®T, i/ien t/iere exists a vector strong subtree R 
o/ T o/ infinite height such that for every k £ N we have 

(49) M ( P A r ) ^&+i(6i > ...,6«,|e) 

rG<g>R|"fc 

where ^k+\{b\, ...,bd\s) is defined in \3$ - 

Proof. Recursively, we shall construct a sequence (R*) of vector strong subtrees of 
T of infinite height such that for every k £ N the following conditions are satisfied. 

(CI) We have R fc+ i \ k = R k \ k. 
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(C2) For every G G Str£ +2 (R fc ) we have 

(50) M ( p| A t ) >£ fe+2 (&i,...,M £ ). 

To select the tree Ro we argue as follows. Let 

(51) T= {FeStr 2 (T) : M ( f] A t ) > &{bx, 6 d |e)}. 

te®F 

Applying Theorem [3 we may find S G Stroo(T) such that either Str2(S) C T or 
Str 2 (S) n T = 0. Since Ai(A s ) > e for every s G (g>S, by Proposition [2 we see that 
Str 2 (S) nJ/0. Therefore, Str 2 (S) C T. Wc set "R = S" and we observe that 
condition (C2) is satisfied. Since condition (CI) is meaningless for "k = 0", the 
first step of the recursive selection is completed. 

Let fc G N and assume that the trees Ro,...,Rfc have been selected so that 
conditions (CI) and (C2) are satisfied. We set 

(52) g = {G£Str£ +3 (R fc ): M ( f| A t ) > & +3 (&i, -, b d \e)}. 

te®G 

Arguing as above and using Theorem [7J and Corollary [1^1 we see that there exists 
S G Str^(R fc ) such that Str£ +3 (S) C Q. We set "R fc+ i = S" and we observe that 
with this choice conditions (CI) and (C2) are satisfied. The recursive selection is 
thus completed. 

Now let R be the unique vector strong subtree of T such that R f k = R& \ k 
for every k G N. Notice that, by condition (CI), R is well-defined. Let k G N 
be arbitrary. If k = 0, then R f is just the root R(0) of R; so in this case 
(|49l) follows from our hypotheses. If k ^ 1, then by condition (CI) we see that 
R f k = R fc \ k € Str^J(R fe _x). Therefore, by condition (C2), 

(53) H ^r) > €(k-i)+2{h, -,bd\e) = £k+i{h, ...,b d \e) 

rG®Rffc 

and the proof is completed. □ 
3.5. Proof of Theorem [TJ Let 

(54) C = {R g St roc (T) : /i( f| A r ) > b d \e) for every k € n}. 

It is easy to see that C is a closed subset of Str^T). By Theorem [7] and Lemma 
H8l there exists S G Str^T) such that Str^S) C C. The vector strong subtree S 
is the desired one. Indeed, let n G N with n ^ 1 and F be an arbitrary subset of 
®S of cardinality n. By Proposition [TTJ there exists a vector strong subtree G of S 
of height d(2n — 1) such that F C ®G. Observe that there exists R G Str^S) such 
that, setting k — d(2n — 1) — 1, we have that G = R \ k. Since R G Str oc (S) G C, 

(55) m( P| ^t) > m( P| ^t) ^ £d(2n-i)(&i,->M e ) ^ c(h,...,b d \n,e). 

teF te®G 
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The proof of Theorem [T] is completed. 

3.6. A combinatorial application: random colorings of strong subtrees. 

An old problem of Paul Erdos and Andras Hajnal [6l page 115] asked whether 
given a family {A/ n rn j : {n, m} £ [N] 2 } of measurable events in a probability 
space (f2, E,//) satisfying /i(A{ nm }) > e > for every {n,m} £ [N] 2 there exists 
an infinite subset L — {hq < n\ < ...} of N such that the set HieN ^{m„n i+1 } 
is nonempty. The problem is pointing towards obtaining a "random" version of 
the classical Ramsey Theorem [T3] and it was resolved by D. H. Fremlin and M. 
Talagrand in [7] who showed that there exists a critical threshold: if the underlying 
probability space is the unit interval with the Lebesgue measure, then such an 
infinite subset L can be found if and only if e > 1/2. 

One can consider a "tree" version of the Erdos-Hajnal problem where doubletons 
of N are replaced with strong subtrees of height 2 of a fixed homogeneous tree T and 
infinite subsets of N with strong subtrees of T of infinite height. Of course, such a 
question asks if a "random" version of Milliken's Theorem [TUHH] holds true. Since 
we can naturally "code" doubletons of N with elements of Str2(T) via their level 
set, we see that in the "tree" version one will also face threshold phenomena. Such 
threshold phenomena, however, do not occur if we restrict our attention to strong 
subtrees with a fixed root. 

Corollary 19. Let b £ N with 6^2 and < e ^ 1. Also let T be a homogeneous 
tree with branching number b and {As '■ S £ Str2(T)} be a family of measurable 
events in a probability space (f2,E,//) satisfying fi(As) £ for every S G Stra(r). 
Then there exists a strong subtree R of T of infinite height such that for every 
integer n ^ 1 and every Sx,...,S n € Str2(-R) with Si(0) = ... = S n (0) we have 

n 

(56) l*(r\ A s t ) >c( &,...,&!»,£) 

o— times 

where the constant in 156]) is as in Theorem^ 

Proof. Let Z £ Str^T) be arbitrary and set z = Z(0). Write the set ImmSuccz(-z) 
in lexicographical increasing order as {zi <\ cx ... <\ cx z^} and set 

S= (Succz(zi), Succ^(^)). 

Notice that there exists a natural isomorphism $ : ®S — > StrS^Z) defined by 
3>((si, Sb)) = {z} U {si, Sfc}. Using this observation, the result follows by 
Theorem [T] and a standard recursive construction. □ 

4. TWO "AVERAGING" LEMMAS 

This section is devoted to the proof of two "averaging" lemmas. Both are stated 
in abstract form and concern the structure of real- valued functions of two variables. 
They will be applied in §5. Before we proceed to the details we need, first, to define 
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some auxiliary quantities. Specifically, for every < a ^ {3 ^ 1 and every < g ^ 1 
we set 



(57) l0 = l0 ( a ,f3, g ) = (l3 + Q 2 -a) 1 

(58) 7i =7i(«,/M = (7o+7o) l7i 
and 

(59) 72 = 72(a,/3,g) = (7i+7i 2 ) 1/2 



We isolate, for future use, the following elementary properties. 

(VI) We have [3 + g 2 = a + j 2 = (a - 70) + 7? = (a - j - 71) + 7! . 
("P2) We have < £> ^ 70 < 71 < 72- 

(7>3) If 70 (a/4) 4 , then 7l s$ (270) 1 / 2 , 72 s$ 2 7o 1/4 and a - 7o - 71 - 72 > a/4. 
We are ready to state the first main result of this section. 

Lemma 20. Let < a ^ (3 ^ 1 and < g ^ 1 and define 70, 71 and 72 as in |57| j, 
f53|) and respectively. Assume that 

(60) ^^(l) 4 ' 
Assume, moreover, that we are given 

(a) too nonempty finite sets S and W, 

(b) an integer h ^ 1 and a partition {So, ...,Sh-i} of S, and 

(c) a function f : S x W — > [0, 1] sttc/i i/iai E tue yvIE„ < / l E se< 5 n /(s, w) ^ a. 
Then, either 

(i) iftere exisi i»o £ W and A/o C {0,...,n — 1} im£/i |7Vo| ^ f? 3 n smc/i that, 
setting 

(61) Ao = { S eS:/( S , Wo )^/3 + e 2 /2}, 

we have \Aq nS n \ ^ g 3 \S n \ for every n € ATq, or 

(ii) there exists W* C VV with W* ^ (1 — 7o)|VV| and satisfying the following. 
For every w £ W* i/iere exists Af* C {0, m£/i |7V*| ^ (l~7i-£ |3 )/i 
smc/i i/ia£, setting 

(62) A; ={s65:/(s,w) ^ a - 7o - 7l - 72 }, 
we Ziaue A* u n<S„| ^ (1 - 72)|<?n| /or every n G TV* . 

Proof. We will consider four cases. The first three cases imply that alternative 
(i) holds true while the last one yields alternative (ii). First we need to do some 
preparatory work. Precisely notice that, by (|60p. we have 70 ^ 4~ 4 . Therefore, by 
property (V2), we see that g ^ 4 -4 . Also, for every w € W we set 

(63) A w = {seS:f(s,w)^P + g 2 /2}, 



(64) 



I w = {n<h:E seS J(s,w) ^ (3 + g 2 } 
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and 

(65) K w = {n< h : \A W R<S„| > g 3 \S n \}. 
We are now ready to consider cases. 

Case 1: there exists wq £ W such that E, i< / l E s6 5 re /(s, wq) ^ (3 + g 2 . In this case 
we set 

(66) Af = {n < h : E seS J{s, w ) > + 3g 2 /A}. 

Recall that g ^ Ar 1 . Hence, by Fact [TBI we see that |A/o| ^ g 3 h. Next we set 
Ao = A„, . Invoking Fact [13] once again and using the definition of Afo we see that 
|Ao fl <S„| ^ P 3 ^! for every n € jV"o. Therefore, this case implies part (i) of the 
lemma. 

Case 2: there exist wq £ W suc/i i/iai |I«; | > g 3 /i. By Fact [T31 we see that 
|A Wo n S n \ ^ g 3 |5„| for every n £ I Wo . We set A = A Wo and A/"o = I Wo an d we 
observe that with these choices the first of the lemma is satisfied. 

Case 3: there exist wq €W such that \K Wo \ ^ g 3 h. In this case we set Ao = A Wo 
and Afo = K Wo . It is easily seen that with these choices part (i) of the lemma is 
satisfied. 

Case 4: none of the above cases holds true. Notice that, in this case, for every 
w £ W we have 

(HI) E n<h E seS J{s,w) <f3 + g 2 , 
(H2) \I W \ < g 3 h and 
(H3) \K W \ < g 3 h. 

We set ao = a — 70 and 

(67) W* = {w £ W : E n<h E seS J(s,w) > a }. 
Claim 21. We have \W*\ > (1 - 7o)|W|. 

Proof of Claim \21\ By assumption (c) of the lemma we have 

E weW E n<h E seSn f(s,w) ^ a. 
On the other hand, by property (VI) and (HI), we see that 

E n<h E seSn f(s, w) < a + 7o 
for every w £ W. Invoking Fact [T4l the result follows. □ 
Now we set ct\ = ao — 71. Observe that ct\ =0 — 70 — 71. For every w £ W* let 

(68) Af w = {n<h: E seS J(s, w) > aj. 
Claim 22. For ewn/ w £ W* we /law |A/^| > (1 - 7i)/i. 
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Proof of Claim Let w £ W* be arbitrary. Notice first that, by (H2), the defi- 
nition of the set I w in (|64|) and property (PI), we have 

\{n<h: E seSt J(s,w) ^ a + < Q 3 h. 

On the other hand, since w £ W* we have E n< / l E se< s n /(s, w) ^ a . By Fact ITU the 
result follows. □ 

Next we set a,i = a% — 72 and we notice that 012 = a — 70 — 71 — 72- Finally, for 
every w £ W* let 

(69) AfZ=KT w \K w , 

Notice that, by Claim [22] and (H3), for every w £ W* we have 

(70) m>0—n-Q 3 )h. 

We will show that the set W* defined in (|67]) and the family {TV* : w £ W*} satisfy 
part (ii) of the lemma. By Claim I2T1 and (|70|). it is enough to show that for every 
w £ W* and every n £ TV* we have that \&* w n <5„| ^ (1 - 72)|5„|. So, let u> G W* 
and n € TVJ be arbitrary. Since n £ TV* C AC, by we have E s6< s n /(s, w) > «i. 
Moreover n ^ and so 

(71) \{s£S n : f(s,w)^ ai +^}\ ( = 3 |{se5„ :/( S , W ) ^/3 + e 2 }| 

< |{ S £5„ :/(«,«;) > /3 + £. 2 /2}| 
1631 o ( p2 ) , 

By Fact [T?J we conclude that |A*„ n S n \ ^ (1 — 7 2 )|5 n |. Thus, this case implies 
that part (ii) of the lemma is satisfied. The above cases are exhaustive, and so, the 
proof of Lemma l20l is completed. □ 

The following lemma is the second main result of this section. 

Lemma 23. Let 9 > 0. Assume that we are given 

(a) two nonempty finite sets S and W 7 

(b) an integer h ^ 1 and a partition {So, ...,Sh-i} of S, and 

(c) a function g : S x W — > [0, +00) such that E u)6 vvIE n </ t E s6< 5 n g(s, w) 9. 
Then for every < A < f there exists W A C W with |WjJ| > (1 - A) | W and 
satisfying the following. For every w £ W A f/iere exists TV* a C {0, /i — 1} wzi/i 
I >, I =^ (1 — A)/i smc/i that, setting 

(72) A; iA = { S e5: 5 ( S , W )<0A- 3 }, 
we have \A* wX n<S„| ^ (1 - A)|<S n | /or ewry n <E TV* A . 

Proo/. We fix < A < 1. Let W* = {w e W : E n<h E seSn g(s,w) ^ 9X- 1 }. 
Also, for every w £ W A let TV* A = {n < /i : E se5n .g(s,w) < 6>A~ 2 }. Applying 
Fact [15] successively three times, it is easy to see that the set W A and the family 
{AC A : w £ W A } satisfy the requirements of the lemma. □ 
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4.1. Consequences. Lemma l20l and Lemma [23] will be used, later on, in a rather 
special form. We isolate, below, the exact statement that we need. 

Corollary 24. Let < a ^ /3 ^ 1 and < g 1 and define 70,71 and 72 as in 
(5l\ ), &58\) and \59\) respectively. Also let 6, A > and b,p,q G N with b,p, q ^ 1. 
Assume that 



Assume, moreover, that we are given 

(a) two nonempty finite sets S and W, 

(b) an integer h ^ 1 and a partition {So, ...,Sh-i} of S, 

(c) an integer M ^ 1 and a partition {Wi, Wm} 0/ W smc/i i/ia£ |Wfe| = b 
for every k G [M], 

(d) a sufrset „4 of [M] with \A\ ^ (a/10)M, 

(e) /or every j G [p] a function fj : S x W — > [0, 1] suc/i £/ia£ 



Then, either 

(i) t/iere exist jo G [p], «io 6 W and No Q {0,...,h — 1} wit/i |A/o 5^ g 3 h such 
that, setting 



we have |A Ci S n \ ^ Q 3 \S n \ for every n G Ao, or 
(ii) there exist ko G A and TV* C {0, ...,h — 1} im£/i |A/"*| ^ g 3 /i suc/i £/ia£, 
setting a 1 — a — 70 — 71 — 72 afio? 



(75) A* = P| P| P {s G 5 : /i(s,iw) ^ a' and g r (s,w) < (9A~ 3 }, 



«>6Wt je[p] re[g] 
we /lave |A* n <S n | ^ g 3 /i for every n G A/"*. 

Proof. Assume that alternative (i) is not satisfied. We will show that part (ii) of the 
corollary holds true. Notice first that, by Lemma [20l for every j G [p] there exists 
W* C W with I W* ^ (1 - 7o)|W| and satisfying the following. For every w G W* 
there exists Af* tj C {0, ft, — 1} with |A/"* -| > (1 — 71 — £> 3 )ft such that, setting 



A* w j = {s G S : fj(s,w) > a - 70 - 71 - 72}, we have |A* UJ n S n \ > (1 - 7 2 )|<Sn| 



Next observe that, by Lemma [531 for every r G [<?] there exists VVJ C W with 
WjJ r | ^ (1 — A) j W and satisfying the following. For every w G W* x r there exists 



(73) 




E weW E n<h E s( z Sn fj{s,w) > a, 
(f) /or every r G [q] a function g r : S x W — > [0, +00) suc/i £/ia£ 

E u)e wEn</iE S G5„5r(s,w) < 0. 



(74) 



A = {s G 5 : / io («, w ) > /3 + g 2 /2}, 



for every w G W* and every n G A/",*, 



A"*, A ,r ^ {°) -j ft - !} with Ww,X,r\ >( 1 ~ X ) h such that ' setting 
&* w>x<r = {s€S:g r {s,w)^9\- 3 }, 
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we have |A* A r n S n \ ^ (1 - A)|<S„| for every n £ Af* x - We set 

(76) W* = p| W* n p| Wx, r 

and we notice that 

(77) |W*|>(1-P7o-<zA)|W|. 
Claim 25. T/iere exists k e A such that Wk Q W*. 

Proo/ o/ ClaimlM Let B = {& £ [Af] : W k £ W*}. Clearly it is enough to show 
that \B\ < \A\. To this end observe that, by (|75|) , we have 



(78) ip^ + fcA^-j + T 2< I o- 

Since {Wi, WW} is a partition of W with |Wfe| = 6 for every fc € [M], we get 

(79) |B|<|W\W*| s$ (p7o + «fA)|W| <(p7b + gA)6M < {a/10)M^\A\ 
and the claim is proved. □ 

Now let 

(80) = f] ( p AC,, n P K,x,r 

weW kQ j6[p] r6[g] 

We will show that the integer ko obtained by Claim [25] and the set Af* satisfy the 
requirements imposed in the second part of the corollary. First we will show that 
|./V* | > g 3 h. Since g ^ 7o < 1/12 4 , it is enough to prove that \Af*\ ^ (3/4)ft. 
To this end notice that, by Claim [55] and part (c) of our assumptions, we have 
W fco C W* and |Wfe | = b. Now recall that \Af*J >(1 -71 - (? 3 )h for every j £ [p] 
and every iu 6 W* while \Af* Xr \ ^ (1 — X)h for every r € [<?] and every u> £ W A r . 
Taking into account these remarks and invoking (fTB"]) and ([80]). we see that 



(81) \Af*\ > (l-b{jr /1 +pg 3 + q\))h. 

Using (|73|) and properties (P2) and ("P3) isolated after (|59|) . we also have that 

(82) 6(p7! + pg 3 + qX) < 6(p(2 7o ) 1 / 2 + P7o 3 + 9 A) < ^ = \- 

Therefore, \Af*\ ^ (3/4)/i as claimed. Next we work to show that for every n £ Af* 
we have that |A* n <S n | ^ £> 3 |6>„|. Observe that it is enough to prove that 

|A*nS„| > (3/4)|5 n | 

for every n £ Af* . So let n £ A/"* be arbitrary. Notice that 

( 83 ) A* = P ( P a;,,- n P K.Xr 

w<^Wk iG[p] r£[g] 
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Arguing as above and using the estimates for the size of the sets A* ^ n <S„ and 
A£, A r n S n we see that 

(84) |A**n5 n | {l-b( P72 + q\))\S n \. 
Invoking (|73p and property (P3) once again, we have 

(85) b(py 2 + qX) < b( P 2 1 1 Q /4 + qX) < g + £1 <; I . 

Hence, |A* n <S„| > (3/4)|<S n |. The proof of Corollary [24] is thus completed. □ 

5. Strong denseness and strong negligibility 

This section is devoted to the proof of two lemmas needed for the proof of 
Theorem \5\ Both are of dichotomic nature and concern the notions of "strong 
denseness" and "strong negligibility" which we are about to introduce. We start 
with the following (see, also, [5j Definition 14]). 

Definition 26. Let D : <g)T — » V(W) be a level selection. Also let S be a vector 
strong subtree ofT, w G W and < a ^ 1. 

(1) We say that D is (w, S, a)-dense if for every s G <8>S and every r £ D(s) we 
have £w{w) ^ ^w( r ) and, moreover, dens(D(s) | w) ^ a for every s £ (g)S. 

(2) We say </ia< £> is (w, S, a)-strongly dense if I? is (to', S, a)-dense for every 
w' G ImmSuccvK(w). 

Next we introduce the notions of "negligibility" and "strong negligibility" . 

Definition 27. Let D : ®T -)• P(W) 6e a /euel selection. Also let F C ®T(m) /or 
some to < /i(T), u; £ W and < ^ 1. 

(1) We say that the pair (F,w) is ^-negligible with respect to D if for ev- 
ery t G F and every r G D(t) we have £w(w) ^ tw{ r ) end, moreover, 
dens(n teF ^(t) | w) <0. 

(2) We say that the pair (F, w) is strongly ^-negligible with respect to D if 
(F,w') is 8-negligible for every w' G ImmSucciy^)- 

Notice that "negligibility" is, essentially, the converse of the notion of "strong 
correlation" introduced in Definition 2J Indeed, let D : ®T — » V(W) be a level 
selection, F G Str 2 (T) and w G D(F(0)). Also let < 6 < 1. Then observe that, 
either the pair (F, w) is strongly 0-correlated with respect to D, or there exists 
p G {0, bw — 1} such that the pair (<g)F(l), w^ w p) is ^-negligible. 

We are ready to state and prove the first main result of this section. 

Lemma 28. Let d G N with d 1 and b\, 6<j, bd+i G N with bi 2 for all 
i G [d+ 1]. Let < a ^ /3 ^ 1, < g ^ 1 and define 70, 71 and 72 as in j57\) , $58j) 
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and L59\) respectively. Also let m G N and 9, A > 0. Set q m = q(b\, bd, to), where 
q(b\, ...,bd,rn) is defined in 119\) . and assume that 

(86) 7o <( - A Y, A< and 6^—. 

W26 d+1 (ntiM m+iy ^b d+1 q m 5q m 

Assume, moreover, that we are given 

(a) a homogeneous tree W with bw = bd+i, 

(b) a finite vector homogeneous tree Z = (Z±, Zd) with bz = (b±, bd), 

(c) a level selection D : <g>Z -> P(W) onrf / £ N suc/i i/iai D(z) C /or 
every z G <g>Z(m), 

(d) a node w G W with £w(w) ^ £ and such that D is ( u), Succz(z), a)-dense 
for every z G <8>Z(m), 

(e) if m 1, a subset T of ®Z f (m — 1) smc/i i/iai (®G(l),w) is 9-negligible 
with respect to D for every G G UnSi 1 Str2(Z,n) with G(0) G T. 

Finally, let N G N wi£/i TV ^ 1 and suppose that 

(87) ft(Z) > (m + l) + o- 3 UDHL( K-M b d ,...,b d \N,g 3 ). 

b™^ 1 — times 

Then, either 

(I) iftere exist w' G + 1) H Succvk(w) and a vector strong subtree Z' of Z 

wii/i h(Z') = N such that D is (w' , Z', /? + g 2 / 2) -dense, or 
(II) i/iere exist w" G W(^) n Succw(w), a vector strong subtree Z" of Z wif/i 
Z" f m = Z f m and h(Z") = (to + 1) + N, as well as, B C (g)Z(ra) with 
\B\ (a/2)|® Z(to)| satisfying the following. 

(111) FFe /iaue u/' G HzeB-^K 2 )- ^ n ^ e 0< ^ er ^ond> «>" ^ rize®G(i) ^( z ) 
/or every G G Str2(Z, to) wii/i G(0) G T. 

(112) TTie Zewe/ selection D is (w" , Succz" (z), a — 70 — 71 —72) -strongly dense 
for every z G ®Z"(m + 1). 

(113) If G £ Str 2 (Z",n) /or some n G {to + 1, h(Z") - 1} with G(0) G T, 
i/ien the pair (<g)G(l), «;") is strongly (9 -negligible with respect to 
the level selection D. 

Proof. We will give the proof under the assumption that m ^ 1. If to = 0, then 
the proof is similar and, in fact, simpler since Step 4 below is not needed. We will 
use CorollaryEIl To this end we need, of course, to define all necessary data. First 
we set W = W(£ + 1) n Succw(w). Also we will define 

(1) a finite vector homogeneous tree S = (Si, S n ) with n = J2i=i ^T +1 ■• 

(2) a subset A of W(£) n Succ w (w), 

(3) for every z G ®Z(to + 1) a function f z : ®S x W — > [0, 1] and 

(4) for every F G Str 2 (Z, to + 1) a function g-p : £3>S x W — > [0, 1]. 
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Step 1: defining the finite vector homogeneous tree S. For every i £ [d] let pi = b™ + 
and notice that the cardinality of Zi(m + 1) is pi. Let {z\ <i cx ... <i ox z l pi } be the 
lexicographical increasing enumeration of Zi(m + 1). For every i £ [d] and every 
j £ [pi] let Slj — Succ^(z*) and set S = It is clear that S is a finite 

vector homogeneous tree with h(S) = h(Z) — (m + 1). Moreover, 

(88) 6s= (&!,..., 6i 6 d ,...,6 d ). 

—times fo^^ 1 — times 

The vector homogeneous trees Z and S are naturally associated. Precisely, let 
z = (zi,...,Zd) £ ®Z(m + 1) and i £ [d] be arbitrary. Our assumptions permits 
us to define the "projection" 7r z : ®S — ► Succ,z 4 (;Z{). Formally it is defined as 
follows: if s = (s]-)i=i 5=1 e tnen 7r z( s ) i s tne UIU( l ne node s*- such that G 
Succ2 ; (zi). Notice that 7r z is onto. We will also need the "full-projection" LT Z : 
<g>S OSuccz(z) defined by II* (s) = (tt^s), ...,7rf (s)). Clearly n z is onto. 

Step 2: defining the set A. Let C be the subset of W(£) H Succw(w) defined by 

(89) meC«|{z£ <8>Z(m) : to G £>(z)}| ^ (a/2)|® Z(m)|. 
Using condition (d) of the statement of the lemma, it is easy to verify that 

|C| > (a/2)\W(£) n Succw(ui)|. 

Also let Q = {G G Str 2 (Z,m) : G(0) G T}. Invoking hypothesis (e) and Fact El we 
get that 

(90) dens( (J f] D(z) \ w\ sC |Str 2 (Z, m)\6 

GGSz€®G(l) 

< |Str 2 (Z,TO+l)|0 = g m < 2a/5. 

We set 

(91) A = C\(\J f| 25(a)). 

GG5 ze®G(l) 

Combining the previous estimates, we see that \A\ ^ (a/10)\W(£) n Succw(w)\- 

Step 3: defining the family {/ z : z G (g)Z(m + 1)}. For every z G ®Z(m + 1) define 
/ z :®SxW^ [0, 1] by 

(92) f z {s.w) = dens(2}(ll z (s)) | w). 
Notice for every z G (g>Z(m + 1) we have 

(93) E l0 ewK n <i l (s)E se8 s(n)/ z (s, w) ^ a. 

Indeed, to verify (l93l) it is enough to show that for every z G ®Z(m + 1) and 
every s G <8>S we have E u , e yy/ Z (s, w) > a. So let z G ®Z(m + 1) and s G ®S 
be arbitrary. Also let L(D) = {£ n : < n < h(Z)} be the level set of D. By 
conditions (c) and (d), we have £w{u>) ^ I = £ m . Moreover, LI z (s) G ®Succz(z) 
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and so D(n z (s)j C W{lk) for some k 6 {rn + 1, h(Z) — 1}. Taking into account 
these remarks and using the fact that the tree W is homogeneous and condition 
(d), we conclude that 

(94) E u , eV v/z(s, w ) = E t()EW ^ +1 ) nSuccw ,(^)dens(i?(lI z (s)) | w) 

= dens(D(n z (s)) | w) > a. 

Step 4-' defining the family {gp : F G Str2(Z, m + 1)}. In this step we need, first, to 
do some preparatory work. Specifically, let F = (Fx, Fj) G Str 2 (Z,m + 1) and 
s G ®S be arbitrary. For every i G [d] let Gjj = {Fi(0)} U {tt z (s) : z G (g)F(l)} and 
define Gf = (G^ 1; ...,Gf d ). It is easy to see that Gf is a vector strong subtree 
of Z of height 2 and with Gf (0) = F(0). In fact, notice that Gf G Str 2 (Z,n) for 
some n G {m + I, h(Z) — 1} depending only on the length of s. 

Now, for every F G Str 2 (Z, m + 1) we define : ®S x W — > [0, 1] by 

(95) 9f(s,w) = dens( f] D(z) \ w 

zG8.Gf (1) 

We isolate, for future use, the following fact: for every F 6 Str 2 (Z,m + 1) with 
F(0) G T we have 

(96) E weW E n<h{s) E se(g , s(n) g F (s,w) <6. 

This can be easily checked using condition (e) and arguing as in Step 3. 

Applying Corollary\24\ Recall that we have already set W = W(£ + l)nSuccw(w). 
Let S = (g)S, h = h(S) and S n = <g>S(n) for every n G {0, h(S) - I}. Also let 
M = \W(£)nSuccw(w)\ and enumerate the set W (£)nS\icc w(w) as {w k : k G [M]}. 
Moreover, set A — {k G [M] : w k G A} and Wfe = ImmSuccyp(iUfc) for every 
G [A/]. It is clear that {So, <S/j_i} and {Wi, WW } are partitions of 5 and 
W respectively. Since the branching number of the tree W is bd+i, we see that 
Wfe| = bd+i for every k G [M]. Also, by the estimate on the size of the set A 
obtained in Step 2, we have that \A\ ^ (a/10)Af. 

Next set p = |® Z(m + 1)|. Also let J={Fe Str 2 (Z,m + 1) : F(0) G T} and 
denote by q the cardinality of the set T . Clearly p = ]X=i an d, by Fact [51 

q ^ q m . Hence, by (|55)) . we see that 

4 n, 



(97) ^(^r— V 



and A ^ 



.12b d+1 pJ 12b d+1 q 

By the above discussion and taking into account (|93|) and (l96|) . we conclude that 
Corollary [M] can be applied for the maps {f z : z G <g>Z(m + 1)} and {gp : F G J 7 } 
and the data we described above. 

Assume, first, that part (i) of Corollary |2"41 is satisfied. Therefore, there exist 
z G (g)Z(m + I), w G W{t + 1) n Succw(w) and J\f C {0, ...,/i(S) - 1} with 
|A/" | ^ g 3 h(S) such that 

(98) |A n(8)S(n)| ^ g 3 |(g)S(n)| 
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for every n £ Mo, where Ao = {s e ®S : f Zo (s,wo) ^ j3 + Q 2 /2}- Notice that 

(99) 7V ^ g 3 h{S) = g 3 (h{Z) - (to + 1)) 

> UDHL( b u ...M ,-, b d ,...,b d \N,g 3 ). 

D-^ —times o rf —times 

By l[55|). ([M)) and Theorem [TUl there exists a vector strong subtree S' of S 

with h{S') = N and such that ®S' C A . We set Z' = (^((gS'), ...,7^ (<g>S')) 
and «/ = wo- Notice that Z' is a vector strong subtree of Z of height JV. Moreover, 
the inclusion ®S' C Ao and the definition of Ao yield that the level selection D is 
(«/, Z', /3 + g 2 /2)-dense. So this case implies part (I) of the lemma. 

Now assume that part (ii) of Corollary [24] holds true. As the reader might have 
already guess, we will show that part (II) of the lemma is satisfied. Specifically, by 
our assumption, there exist w" £ A and JV* C {0, h - 1} with \Af*\ > g 3 h(S) 
such that, setting a' — a — 70 — 71 — 72 and defining A* C ig)S by the rule 

(100) s £ A* ^ /z(s,w) > a' and 3f(s,w) 6>A 3 for every Fe J, 

every z£0Z(m+l) and every u> £ ImmSuccvi^u/') 

we have |A* (~1 ®S(n)| ^ Q 3 h(S) for every n £ Af* . Arguing precisely as above and 
using Theorem [TUl we see that there exists a vector strong subtree S" of S with 
h(S") = N and such that <g>S" C A*. For every i £ [d] let 

Z'l = (Zi \ m) U K(®S") : z 6 ®Z(m + 1)} 

and set Z" = (Z", Z^'). It is easy to check that Z" is a vector strong subtree of 
Z with Z" f to = Z \ m and /i(Z") = (m + 1) + JV". Also we set 

B = {z£ ®Z(to) : w" £ D(z)}. 

Since w" £ A C C, by (USD, we have |J3| ^ (a/2)|® Z(m)|. We will show that the 
node w" , the vector strong subtree Z" and the set B satisfy (III), (112) and (113). 

By the definition of the set B we have w" £ Hzes D(z). On the other hand, 
w" £ A. Thus, by the choice of the set A in ([91]) . we see that w" ^ HzeigiG(i) ^( z ) 
for every G £ Str 2 (Z,m) with G(0) £ T. Therefore, part (III) is satisfied. Next 
recall that <g)S" C A*. Hence, / z (s, w) ^ a' for every z £ ®Z(m+l), every s £ ®S" 
and every w £ lmmSuccw{w"). This is equivalent to say that the level selection 
D is (w", Succz"(z), a — 70 — 71 — 72)-strongly dense for every z £ Cg>Z"(m + 1). 
So, part (112) is also satisfied. To verify part (113), fix G £ Str 2 (Z",n) for some 
n £ {to + 1, h(Z") — 1} with G(0) G T. Observe that there exist a unique 
F £ Str 2 (Z, to + 1) with F(0) = G(0) and a (not necessarily unique) s £ ®S" such 
that G = Gf . Hence, for every w £ ImmSuccw(w") we have 

(101) dens( f] D(z) \ ivj = dens( f] D(z) \ w) = g F (s,w). 

ze«iG(i) ze®Gf(i) 
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Moreover, since <§)S" C A* we have <7f(s, w) < 8A~ 3 for every w £ ImmSuccvy (?«")■ 
Combining the previous remarks we conclude that the pair (<g)G(l), w") is strongly 
(6>A~ 3 )-negligible with respect to D, and so, part (113) is satisfied. The proof of 
Lemma [28] is thus completed. □ 

The following lemma is the second main result of this section. 

Lemma 29. Let d £ N with d 1 and b\, bd, bd+i £ N with bi ^ 2 for all 
i £ [d+1]. Also let m £ N and < 6 ^ 1. Assume that we are given 

(a) a homogeneous tree W with bw = bd+i, 

(b) a finite vector homogeneous tree Z = (Z\, Z c {) with bz — (b\,...,bd), 

(c) a level selection D : g)Z — > V(W), 

(d) a nonempty subset B of ®7(m) and a node w £ W with w £ Hzes ^( z )- 
Finally, let N £ N TV ^ 1 and suppose that 

(102) fc(Z) > (m + l) + Mil(&i i: ^,...,6 d ,...,6 e2 |Ar,l ) 6(ntxb*)"'). 

bi — times 6^— times 

Then, either 

(i) i/iere exists F € Str2(Z) wif/i F(0) G -B suc/i i/iai £/ie pair (F, u>) is strongly 
9-correlated with respect to D, or 

(ii) t/iere ernsi a vector strong subtree 71 of Z with 71 \ m = Z f m and h(7') = 
(m+l)+N , a subsetT of B with \T\ ^ (l/f>ci+i)|i? andpo £ {0, — 1} 
such that the pair (<£>G(1), w^ w po) is 9-negligible with respect to D for every 
G £ Str 2 (Z') with G(0) £ T. 

Proof. Let 

Q = {G £ Str 2 (Z) : G(0) £ B}. 

By condition (d), we see that w £ D(G(0)) for every G £ Q. Assume that part (i) 
of the lemma is not satisfied. This has, in particular, the following consequence. 

(H): for every G £ Q there exists p £ {0, b^+i — 1}, depending possibly on the 
choice of G, such that the pair ((x)G(l), w^ w p) is 9-negligible with respect to D. 

We will use hypothesis (H) to show that part (ii) is satisfied. To this end we argue 
as follows. We set h = h(Z) — (rn + 1). For every i £ [d] and every z £ Zi(m) the 
finite homogeneous trees bf h and Succ^ i (z) have the same branching number and 
the same height. Therefore, as we described in §2.5, we may consider the canonical 
isomorphism I z : bf — > Succ^(z). Notice that the canonical isomorphism l z 
induces a map $ 2 : Str^&f 1 ) — > Str^Succ^z)) defined by 

$ Z (F) ={z}U{I x (u) :u£F(l)}. 

These remarks can, of course, be extended to the higher-dimensional setting. Specif- 
ically, set U = (bf , ...,b^ h ) and let z = (zi, ...,Zd) £ ®Z(m) be arbitrary. Define 
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$ z : Str°(U) -> Str^(Succ z (z)) by 

(103) <S> z ((F u ...,F d )) = ($ zl (F 1 ),...,$ Zd (F d )). 

Notice that for every F G Str^U) and every z G i? we have that < & Z (F) e C?. 
This observation and hypothesis (H) isolated above permit us to define a coloring 
c : Strg(U) ->■ {0, - 1} S by the rule 

(104) c(F) = (p z ) ze B Pz — min{p : (H) is satisfied for $ Z (F) and p} 

for every z G B. 

Next observe that b v = (&i, &d) and \B\ < |® Z(m)| = l[f =1 b™. Moreover, 

mm 

(105) h{V) = h = h(Z)-(m + l) > Mil(6i,...,6i,...,6 d! ...,6 d |iV,l,6l B l). 

fai — times 6^— times 

Therefore, by Corollary U it is possible to find U' = {U[,...,U d ) E Str^(U) and 
(Pz)zes G {0,...,b d+1 - 1} B such that c(F) = (p z ) zeB for every F G Strg(U'). By 
the classical pigeonhole principle, there exist a subset r of B with |L| ^ (l/b d +i)\B\ 
and pa G {0, — 1} such that p z = pa for every z G L. For every i G [d] let 

(106) z; = (Zirm)U |J 1,(17/) 

zeZi(m) 

and define Z' = (Z{, Z^). We will show that with these choices part (ii) of the 
lemma is satisfied. Indeed, notice first that Z' is a strong subtree of Z of height 
(m + 1) + TV and with Z' \ m = Z f m. Now let G G Str 2 (Z') with G(0) G L be 
arbitrary. Observe that there exists F G Str^U') such that G = <&g(o)(F). Since 
G(0) G T we have Pg(o) = Po and so the pair (®G(l),4u" w po) is ^-negligible with 
respect to D. The proof of Lemma [29] is thus completed. □ 

6. Proof of Theorem [5] 

In this section we will give the proof of Theorem [SJ As we have already men- 
tioned, the proof follows a density increment strategy. The main tool is Lemma 

stated in §6.2. Its proof is essentially a "greedy" algorithm and is similar in 
spirit to the proof of [S] Lemma 27]. There are, however, significant differences 
and, therefore, a novelty of the approach. The most important one is that for a 
fixed "dimension" d, we need to apply Theorem [TU] for a "dimension" d! which is 
much bigger compared to d. 

The section is organized as follows. In §6.1 we define certain parameters. In §6.2 
we state Lemma[30]we mentioned above. The proof of Lemma [30] occupies the bulk 
of the section and is given in §6.3. The proof of Theorem [5] is completed in §6.4. 
Finally let d G N with d ^ 1, b%, b d , b d+ i G N with bi 2 for all i G [d+ 1] and 
< £ $C 1 . These data will be fixed throughout this section. 
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6.1. Defining certain parameters. We set 

(107) # = UDHL(&i,...,M2,£/(4&d + i)) and r = ( 



48&cm (nti h) K 



The quantity r will be used to control the density increment. Also let 

il=i w - il=i 

and define 

(109) ^-^^I £ ) = (24^q) 3 " 2 - 
Next let fx, f 2 : N -> N be defined by 

(110) /i(n) = [l/r 3 lUDHL(6i 1 ^,...,&d l:::: 6d|n,r 3 ) 

6^— times 6^ —times 

and 

(111) / 2 (n) -Mi^^^,...,^^^^,!,^!^)"- 1 ) 

b\ —times b^ —times 

for every integer n > 1, while /i(0) — = 0. Finally, define / : N — »■ N by 

(112) /(n) = (/io/ 2 )(n) + l 
for every n G N. 

6.2. The main dichotomy. We have the following. 

Lemma 30. Let T be a finite vector homogeneous tree with 6t = (61, ■■-,bd), W a 
homogeneous tree with bw = bd+x and D : ®T — > V(W) a level selection of density 
e. Let N G N with N ^ 1 and assume that 

(113) ft(T) ^ /W(JV). 
Then, either 

(i) i/iere exzsi a vector strong subtree T' 0/ T with h(T') = N and w' G W 
such that the level selection D is (w' , T', e + r 2 / 2) -dense, or 

(ii) there exist F G Str 2 (T) and w G W such that the pair (F,w) is strongly 
0(bx, ...,bd,bd+x\£)-correlated with respect to D. 



6.3. Proof of Lemma 1301 Before we proceed to the details we need, first, to do 
some preparatory work. For notational convenience we shall denote the parameter 
6(px, — , bd, &d+i|e) simply by 0. We set 

(114) A =2I5^ 

where Q is defined in (|108[) . Also, for every n G [K] let 

(115) e n = 9\~ 3(n - 1 \ 
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Notice that 0\ — 9 and 9 n +i = 9 n \ 3 for every n £ [K — 1]. Moreover, recursively 
we define two finite sequences {Sn)^^ 1 and {e n )n=o °f reals by the rule 

(116) J ^° > an( j 

[ <Wl = (<5n + #„) ' [ £n+l = £n ~ (<$3n + <$3n+l + fan+2)- 

We will need the following elementary properties satisfied by these sequences. 

(VI) For every n £ {0, 3K - 1} we have S n 2r 2 ~". 
(V2) For every n £ {0, 3K - 2} we have £™ =0 6 t + r 2 = Sf l+1 . 
(VB) Wehave^o 1(5 « < £ / 2 - 

(■P4) For every n £ {0, K} we have e n = e — YliZo 1 
(■p5) For every n £ {0, if} we have e/2 ^ £„ ^ e. 
(■P6) For every n £ {0, K — 1} we have 

(117) *3n<$ur-3<2( -§g — ) 4 < 



486 d+ i(nti^) Ky " V 12&d+i(nti& 



\n+l 



The verification of these properties is left to the reader. We notice, however, that 
properties (V3) and (V6) follow by the choice of r in ()107|) . 

After this preliminary discussion we are ready to proceed to the details. We will 
argue by contradiction. In particular, recursively and assuming that neither (i) nor 
(ii) are satisfied, we shall construct 

(a) a finite sequence (Z„)^L 1 of vector strong subtrees of T, 

(b) two finite sequences (w n )n=i and (w n )n=i 01 nodes of W, and 

(c) a finite sequence (T n )^ =1 of subsets of ®T 

such that, setting Zq = T, the following conditions are satisfied for every n £ [K]. 

(CI) We have Z„ \ n - 1 = Z n _i f n ~ 1 and h(Z„) = n + f( K ~ n \N). 
(C2) We have T n C ®Z„_x(n - 1) and |r„| ^ [e n /2b d+l )\® Z n _i(n - 1)|. 
(C3) The level selection D is (w n , Succz,, (z), e„)-dense for every z G (g)Z„(n). 
(C4) If G £ Str 2 (Z„,fc) for some k £ {n, h(Z n ) - 1} with G(0) G r x U...ur n , 

then the pair (®G(1), w n ) is 6*„-negligible with respect to D. 
(C5) We have w n £ f| ze r n £>(*)• 

(C6) If n ^ 2 and G G Str 2 (Z n _i, n - 1) with G(0) G Ti U ... U r n _i, then 

W n £ fU®G(l) D ( Z )- 

We will present the general step of the recursive construction. The initial step, that 
is, the choice of Z\,wi,wx and Ti, proceeds similarly taking into account that D 
is (W / (0),T,e o )-dense. 

So fix some m £ [K — 1] and assume that the sequences (Z„)™ =1 , (w n )™ =l , 
(tin)™-! and (r„)™ =1 have been selected so that conditions (C1)-(C6) are satisfied. 
Notice, first, that Z m is a vector strong subtree of T. Therefore, there exists a 
unique l m £ L(D) such that D(z) C W(t m ) for every z G (g)Z(m). By condition 
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(C3), we see that £w(w m ) < £ m . We set 
(118) r (m) = (J r 



fc=i 



Invoking conditions (CI) and (C2), we see that r( m ' C ®Z m t m - 1. Also let 

(119) iVi = / 2 (/ (if " m_1) (iV)) and 7V 2 = /^""^(iV). 
Notice that 

(120) /i(Z m ) ( = } m+f( K -™\N) 



ITT21 



(m + l) + (/ 1 o/ 2 )(/(«'-'»- 1 )(JV)) 



^ (m + l) + — UDHL( 6i,...,6i &«,,..., 64 |iVi,r 3 ). 



Moreover, 



-times fr!P —times 



(121) 7o(e m ,s,r) # (s + r 2 - ^V" ^ ( J^ft + ^) 1/2 



i=0 

(•P2) GI3 ^ £m 
= o 3m ^ ' 



i26 d+1 (nti^) m+i 



Finally, by the choices of Q and in (|108l) and (|109[) respectively and property 
(V5), we see that 

(122) A< — 

12b d +iq(bi, bd, m) 

and 

(123) e m ^e K = < - — £2— — , 

2Ab d+1 Q 5bd+iq{bi,...,bd,m) 
where q(bi, bd, m) is defined in (fn 



Claim 31. There exist a vector strong subtree 7J of Z m with Z' \ m = Z f m 
and /i(Z') = (m + 1) + AT 1; to e W(£ m ) n Succvy(w m ) and -B C (g)Z m (m) mtt 
2 s (s'm/2)|i8) Z m (m)| toztft. i/ie following properties. 

(1) VKe /iaue u> 6 Hzes ^( z )- < ^ ri ^ e °^ er /mmi4 w ^ n z e®G(i) -^( z ) / or eue n/ 
G e Str 2 (Z m ,m) with G(0) e r( m ). 

(2) D is (w, Succz' (z), e m +\)- strongly dense for every z 6 (g>Z' (m + 1). 

(3) J/G € Str 2 (Z',fc) /or some ft e {m + 1, h(Z') - 1} with G(0) £ r( m \ 
</ie pair (®G(l),w) is strongly 9 m+ i-negligible with respect to D. 

Proof of Claim WI\ We will rely on Lemma |2"51 Specifically, let "a = e m " , "/? = e" , 
"@ = r", to be the fixed integer, "6 — 9 m " , A be as in (|114[) , W be our given 
homogeneous tree,"Z = Z m ", "D = D \ ®Z m ", "£ = £ m " , "w = w m " , T = r( m '" 
and a N — Ni" . It is easy to check, using what we have mentioned before the 
statement of the claim and our inductive hypotheses, that Lemma [28l can be applied 
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for these data. Noticing that Ni ^ N, we see that if the first alternative of Lemma 
l28l holds true, then part (i) of Lemma [30] is satisfied. This, of course, contradicts 
our assumptions. Therefore, part (ii) Lemma [2"51 is satisfied. The proof of the claim 
will be completed once we show that 

(a) s m+ i = e m - 7o(e m ,£,r) - ji(e m ,e,r) - 7 2 (£ m ,£,r) and 

(b) 9 m+ i = 9 m \~ 3 . 

Indeed, the equality in (b) above follows immediately by (|115[) . Moreover, 

, , i!58li / , , , x?\i/2 

(124) 7i(£ m ,e,r) = (7o(£ m ,£,r) + 7o(£ m ,£,r) ) 

— (°3m+0 3m ) — 03 m+ i 

and 

(125) 72(£m,£,0 ^ (li{£ m ,£,r) +j 1 (e m ,e,r) 2 ) 1/2 



— {03m+l + °3m+l) — °3m+2- 

Therefore, by the choice of e m+ \ in (|116|) and equalities (|124|) and (|125[) . we conclude 
that the equality in (a) above is also satisfied. The proof of Claim [21] is thus 
completed. □ 

Claim 32. Let Z' , w and B be as in Claim [31\ Then there exist a vector strong 
subtree Z" of Z' with Z" \ m = Z' \ m and h{Z") = (m + l)+N 2 , a subset V of B 
with |r| ^ (l/bd+i)\B\ and po G {0, bd+i — 1} such that the pair (<g)G(l), w^ w po) 
is 6 m+ i-negligible with respect to D for every G £ Str2(Z") with G(0) G L. 

Proof of Claim [2M Now we will rely on Lemma [551 To this end notice that 
(126) fc(Z') - (m + l)+JVi^(m + l) + /2(JV 2 ) 



l > (m + 1) + Mil( b u bi, ...,b d ,-,b d \N2, 1, 6 (n *=^ b - r ) . 

bi— times fed— times 

Moreover, by Claim[3T] we have -B C (g)Z m (m) and u> G Hzes ^( z )- Therefore, we 
may apply Lemma |2"91 for the fixed integer m, "0 = 6*m+i", our given homogeneous 
tree W, "Z = Z'", "D = D f ®Z"', the set 5, the node to and "iV = N 2 " . The 
first alternative of Lemma l2"9l yields that there exists F G Str 2 (Z') such that the 
pair (F,w) is strongly # TO +i-correlated with respect to D. Noticing that 9 m +i ^ 
6(b%, bd, bd+x\e) and invoking our hypothesis that part (ii) of Lemma [501 is not 
satisfied, we see that the second alternative of Lemma [29] holds true. This readily 
gives the conclusion of the claim. □ 

We are in the position to define all necessary data for the general step of the 
recursive construction. Specifically, let w be as in Claim [UTI and Z", p and T 
be as in Claim E2 We set "Z m+ i = Z"", ll w m +i = w" , il w m +i = w~ w pa" and 
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'T m +i = T". It is easily seen that with these choices conditions (C1)-(C6) are 
satisfied. The recursive selection is thus completed. 

Now we are ready to derive a contradiction. Notice first that, by condition (CI), 
we have h(Z K ) = K + N ^ K. We set S = Z K \ K - 1 and V = T x U ... U IV 
Invoking condition (CI), we see that S \ n = Z„ f n for every n s {0, ...,K — 1}. 
Therefore, by condition (C2), for every n S {0, K — 1} we have 

CPS) 

(127) |Dn®S(n)| = |r n+1 | > (e n+ i/2b d+1 )\®S(n)\ ^ (e/4b d+l )\® S(n)|. 

Since 6s = &d) and h(S) — K, by the choice of K in (|10T[) and Theorem [TOl 

there exist G € Str2(S) and 1 ^ n\ < ri2 ^ K such that 

G(0) 6 T ni and ® G(l) C T„ 2 . 

The inclusion (g)G(l) C T„ 2 implies, in particular, that 

G € Str 2 (S,n 2 - 1) = Str 2 (Z„ 2 _i, n 2 - 1). 

Thus, by condition (C6), we have 

(128) w n2 £ f| D(z). 

zG®G(l) 

On the other hand, however, by condition (C5), we get that 

(129) w n2 G f D(z) C f D{z). 

zer n2 ze®G(i) 

This is clearly a contradiction. The proof of Lemma [301 is thus completed. 

6.4. Proof of Theorem [5j Recall that the constant 9(bi, bj, bd,+i\s) has been 
defined in (|109[) . Let JsT, r and / be as in (|10T[) and (|112|) respectively. We set 
if' = K\2/r 2 ] and we define 

(130) StrCor(6 1 ,...,6 d ,6 d+1 | £ ) = f {K ">(2). 

With these choices, Theorem [S] follows by Lemma [501 via a standard iteration. 

7. Concluding remarks 

In this section we shall discuss the relation between Theorem [5] and the infinite 
version of the density Halpern-Lauchli Theorem. Let us begin by recalling the 
statement of this result (see [31 Theorem 2]). 

Theorem 33. For every integer d ^ 1 we have that DHL(d) holds, i.e. for every 
vector homogeneous tree T = (T\, ...,Td) and every subset D of the level product 
(g)T of T satisfying 

(131) Pn^T(n)l 
V ' n^oo |®T(n)| 

there exists a vector strong subtree S of T of infinite height whose level product is 
contained in D. 
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We point out that the case "d = 1" of Theorem [33] is due to R. Bicker and B. 
Voigt [2] and we refer the reader to [3j §1] for a discussion on the history of this 
result. 

Also wc need to extend Definition [3] to the infinite-dimensional setting. Specifi- 
cally, let < £ < 1, T a vector homogeneous tree and W a homogeneous tree. We 
say that a map D : ®T — > V(W) is an e-dense level selection if there exists an 
infinite subset L(D) = {£q < l\ < ...} of N such that for every n £ N and every 
t £ <E)T(n) we have D(t) C W(£ n ) and dens(D(t)) ^ e. This notion was introduced 
in [3] and it was critical for the proof of Theorem [33] We have the following. 

Corollary 34. Let d £ N with d > 1, b%, b d , b d+ \ £ N withbi ^ 2 for alii £ [d+1] 
and < e ^ 1. Also let T be a vector homogeneous tree with 6x = {bi, bd), W a 
homogeneous tree with b\y = bd+i and D : ®T —¥ V(W) an e-dense level selection. 
Then there exist a vector strong subtree S of T of infinite height and for every 
s £ ®S a node w s £ D(s) such that for every F £ Str2(S) with F(0) = s the 
pair (F,w s ) is strongly 9(bi, ...,bd,bd+i\e)-correlated with respect to D, where the 
constant 8(bi, ...,bd,bd+i\s) is as in Theorem\^ 

Corollary [M] follows by Theorem [S] and Theorem [7] using fairly standard argu- 
ments; we leave the details to the interested reader. It is a quantitative strength- 
ening of [3l Corollary 10] where a similar result was obtained but no estimate was 
given for the relevant constants. While we find such an improvement interesting 
per se, our interest in Corollary [34] was, mainly, for utilitarian reasons. Specifi- 
cally, Corollary IMl can be used to derive Theorem [33] by plugging it, as pigeonhole 
principle, in the recursive construction presented in [3j §5]. 

Thus we see that Theorem [5] which is an entirely finitary statement but of 
probabilistic nature, can be used to derive the corresponding infinite-dimensional 
result. We believe that this kind of reasoning can be applied to other problems of 
this sort. 
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